ABSTRACT. In this paper, the abstract Fatou-Naim-Doob theorem is used to investigate the boundary behavior of positive solutions of the heat equation on the semi-infinite slab X = Rn_1 x R+ x (0, X). The concept of semifine limit is introduced, and relationships are obtained between fine, semifine, parabolic, one-sided parabolic and two-sided parabolic limits at points on the parabolic boundary of X. A Carleson-Calderón-type local Fatou theorem is also obtained for solutions on a union of two-sided parabolic regions.
The fundamental solution for the heat equation Axu = du/dt on Rn x R is given by, [ 0, if t < 8.
Define G(x, t; y, s) = W(x, t; y, s) -W(x, t; (y', -yn), s).
For each (x, t) = (x', xn, t) E X, b E B, define, jG(x,t;(b',bn),0), if b=(b',bn,0) EH, KbM = \^-G(x,t;(b',bn),s)\bn=0, ifb=(U,0,s)EV. Now, it is well known that the solutions of the heat equation generate a strong harmonic space on X (cf. [1] ). In [11] , axiomatic potential theory and Martin's method for the construction of ideal boundaries are used to obtain the following integral representation theorem. THEOREM 1.1. Let u > 0 be a solution of the heat equation on X. Then there exists a unique Borel measure p on B such that u(x,t) = I Kb(x,t)dp(b), for all (x,t) E X.
This p is called the representing measure for u.
The following abstract Fatou-Naim-Doob theorem then follows from [13] . THEOREM 1.2. Let u > 0, v > 0 be solutions of the heat equation on X, represented by measures p, v respectively. Then u/v has fine limit dp/dv, v-a.e. on B.
For any E C X and u > 0, superharmonic on X, Reu denotes the reduced function of u on E.
For each b E B, 7(b) denotes the fine filter at b. For each b E B, let X£ = {(x,t) E X: Kb(x,t) > 0}. Then X\X£ is empty if b E H and nonempty if b E V. However, Kb = 0 on X \ X¿~ if b E V; hence X \ X£ is thin at each b E B.
Throughout this paper, C denotes a general positive constant (not necessarily the same at different occurrences) which may depend on n and other constants. PROPOSITION 1.3 . If E is thin atb, then for any sequence {Um} of neighborhoods of b in Rn+1 decreasing to {b} and (x,t) E X, limm_>00.ñ£(m)A'¡,(x, t) -0, where E(m) = E H Um.
Hence, if U is a neighborhood of b E B in Rn+1, then Rx\uKb(x,t) -» 0 as (x, t) -» b, so Rx\uKb í Kb.
As stated before, this paper links fine convergence with certain types of geometric convergence at points of B. These regions will now be defined. A real-valued function / on X is said to have parabolic limit A at b E B if / converges to A within parabolic regions with vertex b.
As in [10] , the parabolic filter at 6, Pib) = {E C X: for each P(b; t) there exists 8 > 0 such that P(b; r, ¿) C E} describes parabolic convergence at b.
2. Semifine and parabolic limits for arbitrary functions. As in [10] , the semifine limit is introduced and its existence is shown to be a consequence of the existence of the parabolic limit for any function on X.
From now on fix 0 < 7 < 1. Then inf jm um = inf j, t¿i > 0. Now /f6(x,i) < Cxn(i -s)(r-"-2)/2|x -(6',0)r for all (x,i), and (x,t) E Jm implies either ~/m+1 < |x -(6',0)| < 7"1 and 0 < í -s < 72m or \x -(f,0)| < 7"1 and 12(m+1) < t-a < 72m. Hence
Let 0 < e < 1 and X \ E E P(b). Then there exists mo such that for m > mo, (2,i) £ P(b;e2 : e2) for all (x,t) E En Jm. Then for m>m0 and (x,t)6ÊnJm,
Hence REnjmKb(x,t) < Ce, and so E is semithin at b.
3. Nonsemithin sets. PROOF. Let y¿,m denote the ith coordinate of ym and fix (z, r) E X. Then there exists mo such that for all m > mo, tm < r and \fßtm < 6n/4 < bn/2 < yn,m. Put Em = {(x,tm) E Rn x R+ : |x -ym\2 < ßtm}.
Then Em c X for all m > mo, and it suffices to prove that \Jm>m Em is not semithin at b. It is easy to see that Kb(x,tm) > Ctmn for all (x,tm) E Em, and R.Em 1 dominates the solution to the Dirichlet problem on the semi-infinite slab {(x, t) E X: t > tm} corresponding to the characteristic function of Dm = {y E Rn:\y-ym[2<ßtm}.
Then R^.r}>_Clr-ur''iB^{-^}{i-^(-^y)}äy, and easy estimates give liminftmn/2RErnl(z,r)>0.
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Hence, REmKb(z¡r) > C > 0, which implies that E is not semithin at b.
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for allb,x,yERn.
(ii) // p > 1 anda< pß, then pß(l -e~aX/P) > a(l -e~0x) for all A > 0.
PROOF. The inequality in (i) is equivalent to
This follows from the triangle inequality and the fact that p(p -1)72 + p82 > (p-l)(7 + ¿)2forall7,¿eR. where r = (r -s)/(t -s).
To prove (i), put t = r + p(l -p)y2 and assume the conditions on x and y in (i) are satisfied. Then 0 < r < 1, and so !v^£_iI._tf>_lî^Ji£>_(iz#Ij.
To prove (ii), put t = r -p(p -l)y2 and assume x and y are as in the statement of (ii). Put oj = 1 + (p -l)2. Then p_1/2xn < yn < w1/2xn, r > 1, and Kh(x,t)/Kb(y,r) < p1/^), where }^-H)~}}-for t > 1. Then x'(r) = 0 implies r2 -2p(p -l)(n + 2)wt -oj = 0. Put n = p(p -l)(n + 2)w + {p2(p -l)2(n + 2) V + c}1/2.
Then x attains its supremum at ri. The result in (ii) follows by putting ipi(p) = P1/2x(ri).
5. Semifine and parabolic limits. The precise Harnack inequalities obtained in §4 will be used here to prove the equivalence of semifine and parabolic limit at each point of Bo = 5\(R"_1 x {0} x {0}) for positive solutions of the heat equation. PROOF. Let b = (b',bn,0) E H. Since JvKy(x,t)dp,(y) -► 0 continuously on H (cf. [15, p. 72]), it suffices to consider u(x,t) = J Ky(x,t)dp,(y) for some Borel measure p on H. Assume furthermore that A < co. Then there is a sequence of points {(ym,tm)} in a parabolic region P(b;a) converging to b such that for all 8 Now assume b E V D Bo-It is easy to show that JHKy(x,t)dp,(y) -» 0 continuously on V n Bo-Hence it suffices to consider u(x,t) = JKy(x,t)dp(y) for u(x, t) = -¡= j e~r dr.
V^/o
For each 0 < t < 1, let aT be such that (2/y/ñ) J^T e~r dr = r. For each e > 0 and A > 0, [u(x,t) -A| > e iff t < u(x, t) < w, where r = max(A -£,0) and ui = min(A + e, 1) iff 2tsJI < xn < 2oj^/1. Hence, by Proposition 3.2, {(x, t) : [u(x, t) -A| > e} is not semithin (hence not thin) at each b E B\Bo-Also, it is easy to see that u does not have a parabolic limit at points on B\Bo-6. Parabolic and fine limits almost everywhere. In §5 it was proved that for positive solutions semifine and parabolic limits are equivalent at each point of Bq. This section shows that fine and parabolic limits are equivalent except on a set of measure zero for positive solutions. Now, define Gi = (X\Wi)il{(x,t):t<8} and G2 = (X\W2)n{(x,t): xn < 8}.
Then, it suffices to prove that G i is thin at a.e. b E Ei. To do this, let it, be the solution of the Dirichlet problem on X corresponding to the characteristic function of Ei. Then for any 0 < A < 1 and i = 1,2, the set F¿(A) = {(x, t)EX: u¿(x, t) < A} is thin at a.e. b E Ei. Let D¿ = {6 E Et: (x,t) E P(b;a)}, i = 1,2. Then (x,i) E Gi => E, c B \ Dz, Kb(x,t) > Ct-nl2 if b E Du and Kb(x,t) > Cx~{n+1) if b E D2, where C is independent of (x, t) and 6. By assuming that dist(Wi, V) > 0, By using Theorem 1.1, Moser's Harnack inequality (cf. [12] ), and the nonthin set constructed in [9] , the next result can be proved by an obvious modification of Let A = W n {(x,t): xn = r}, and let /" denote Lebesgue n-dimensional measure on A.
Define the measure r on X by r = u_1/n. Then r is supported on W and s = r\w = t. Clearly, r(X) < co, and the functions 1 and u axe s-integrable. Also, r is a reference measure on W and on X (cf. [10, Theorem 9.2]). For each bE Bo, define Q(b) = J Kb dr as in [10] . Then 0 < Q(b) < co, and Q is continuous. Hence vi is the representing measure for 1 on Br(x). Now, from Lemmas 6.1 and 7.2 there is a set Ei C E such that E\E\ is of Lebesgue measure zero, X \ W is thin at every b E Ei, and for each b E Ei, W contains two-sided parabolic regions of arbitrary aperture with vertex b. The proof is completed as in [10, Theorem 9.2] by using Theorem 7.1; and the reduction theorem and the local fine limit theorem in [10] .
